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Estimates of variance for a nonlinear, seasonal food chain, nutrient cycle eutrophication model of
Saginaw Bay, Lake Huron, caiculated by first-order variance propagation and Monte Carlo analyses, do
rot always agree. A comparison of estimates of state variables indicates that Monte Carlo means are most
like the measurements, whereas Monte Carlo medians are most like the deterministic model output. Best
agreement between Monte Carlo and first-order estimates of botk state variable values and their varian-
ces occurs when Monte Carlo oulput distributions ave symmetric. Under these conditions, both estimates
are measures of variance associated with total populations {(i.e., all algae). Those distributions, however,
change dramatically ia time for most state variables. For asymumetric distsibutions, first-order variance
estimates measure variability about the typical componens of the total population (i.e., the typical algal
species) and Monte Carlo variance estimates measure vartability of the mean component (which is more
refiective of the total). Ong must be cognizant of these differences when estimating varisnce associated

with model projections.

INTRODUCTION

Lake eautrophication models have become relatively com-
mon tools of resouree managers. The continwum of model
types range from simple nomographs [e.g., Vollenweider, 1969,
1975} to more complicated, time variable, phytoplankton-
based food chain models [e.g., Thomann et al, 1977]. Projec-
tions made with these models affect management decisions
which often influence many thousands of people, economi-
cally and socially. It is therefore important to couch these pro-
sections in terms that indicate the faith one should khave in
them. Most models used in lake management apalysis have
been deterministic and thus their stochastic nature {or uncer-
tainty) has been ignored unti recently [Reckhow, 1979, Let-
tenmaier and Richey, 1979; Chapra and Reckhow, 19791 Sto-
chastic properties of stream quality models [mainly dissolved
oxygen {DO), biological oxygen demand (BOD) models] have
received more attention je.g., Burges and Lettenmaier, 1975;
Muopore et al., 1976, Chin, 19781

Models also serve a purpose other than providing projec-
tions. They can be useful tools for exploring relationships and
controls within the iake [e.g., Lehman et al, 1975, Scavia,
197%; Scavia and Bennett, 19801 For example, modeis of lake
ecosysterns car be usefui for comparing phosphorus-loading
rates and internal cycling rates to determine the relative short
term and long-term impacts of loading alterations. Obviously,
estimates of errors associated with the loading asd cycling
rates will provide a firmer base for their comparison.

in & subsequent paper {Scavia et al, 1981), we use frst-or-
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der variance propagation to estimate overall model variance
originating from uncertain initial conditions, parameters, and
selected external driving forces. In that paper we compare
model variance and data variance, identify the major sources
of medel variance, and explore model sensitivity using a cor-
refation matrix generated from variance propagation.

The purpose of the work presented herein is to examine two
methods that have been used for estimating variance associ-
ated with eutrophication model output: Monte Cartlo simula-
tion: and first-order variance propagation. Herein error or var-
iance estimates are considered to be those propagated vig
uncertain model initial conditions and parameters. They do
not represent variance between model output and measure-
ments.

Both methods have been used for estimating errors in water
quality models. For example, Reckhow [197%] and Lettenmaier
and Richey {1979] used first-order error analyses for total
phosphorus, mass balance lake models; Tiwari and Hobbie
{1976}, O'Neill and Gardner [1979), O°Neilt et af. 11980}, and
Gardner et al, [1980} used Monte Carlo analyses for esiimazing
errofs in motre complicated food web models. Qccasionally
both methoeds have been used in the same study [e.g., Burges
and Letrenmaier, 1975, Montgomery et al., 1980]. Assumed im-
plicitly in these latter studies, and suggested exphicitly else-
where [e.g., Gelb, 1574}, is that Monte Carlo represents “truth’
and that it can be used to check the accuracy of approxima-
tions in the frst-order variance propagation analysis. The
work presented herein suggests that Monte Carlo and first-or-
der variance propagation do not necessarily quantify the same
type of variability. Suggestions based on these regults indicate
the conditions for which each method should be used and
when they should be expected to agres.
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fig. 1. Map of Saginaw Bay showing inner bay segment and sam-
pling locations. (Redrawn from Richardson and Bierman {15761)

METHODS

The model.  The system model was developed for predict-
ing trends of eutrophication in large lakes. Developed origi-
nally for Lake Ontario [Thomann er al,, 1975, 1976}, it has
been modified and applied in several other contexts {Canale ef
al, 1974; DiTore and Maiystik, 1976, 1980; Richardson and
Bierman, 1976; Thomann et al, 19775 The original concep-
tualization is an cight-state-variable, nonkinear, time-depen-~
dent food chain model used herein to simulate seasonal dy-
narnics in a vertically averaged inner portion of Saginaw Bay,
Lake Huron (Figure I}, The meodel simulates dynamics of
phytoplankion, herbivorous and carnivorous zooplankton,
three nitrogen forms, and two phosphorus forms. The general
interactions among state variables and exampiles of nonlinear
formulations are Hlustrated concepiually in Figure 2. Detailed
model equations, parameter values, and references to bound-
ary conditions, forcing functions, and driving data can be
found in Thomamn et al (1975}, Bierman et al [1980], and
Scavia [19801

The model was calibrated by manipuiation of parameter
valaes to a 1974 data set. Although some atterapt was made o
obtein peneral agreement between simulation and observa-
tion, close agreement was not obtained in all cases, Precise
calibration is not necessary for the comparisons to be made
below.

Monte Carle simulations.  For Monte Carlo simulations the
following procedure was used. The model equations were
solved repeatedly, Each model execution was performed with
initia} conditions and parameter values selected randomly
from their individual distributions. From these repeated
mode} executions, state variable means, variances, and other
statistics were calculated at 4-week intervals throughout the
period of simulation. The analysis was terminated after 1000
simulations, at which time state variable means and variances
were converging. Further details on Monte Carlo stmulations
can be found in McGrath and frving 1973).

The input sets of initial conditions and parameter values
were generated from GGTRA, a subroutine [International
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Mathematical and Statistical Libraries, Inc., 1977] that can
produce the desired number of pseudo-random deviates from
triangular distributions with specified minimum, maximum,
and mode. Values of the minimum and maximum for each
parameter were determined from the lHterature or by assump-
tion and for each initial condition by examination of Saginaw
Bay measurements.

Triangular distributions were used because available infor-
mation or parameter distributions allowed no better assump-
tion. Assnming other distributions implies further information
is availabie. Modes were selected to corvespond 0 constant
vajues used in the deterministic rodel because they represent
parameters of the typical systermn components, rather than the
average component. This is consistent with the deterministic
application. In two similar comparisons between Mente Carlo
simuiation and first-order variance propagation where normal
distributions and means corresponding to the deterministic
constants were used {Scavia, 1980], results similar {0 those re-
ported below were obtained.

All initial conditions and parameters were assumed (o be
independent. These values and variance estimates from the
1000 generated deviates are given in Tabie 1. Although these
guantities are surely not independent, their covariances are
difficult to estimate with confidence. If they were estimated,
covariances could be included in future analyses in 2 straight-
forward fashion computationally.

First-order variance propagation. The familiar {Cornell,
1972} first-order variance propagation formula for a scalar,
time-invariant model is
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Fig. 2. (a) Conceptual mode! of Saginaw Bay eutrophication dy-
namics. P, N, and € show flow of phosphorus, nritrogen, and carbon,
respectively. (Redrawn from Rickardson and Bierman (19761} (b}
Conceptual illustration of inputs and nonlinear relationships in Sagi-
naw Bay model. (Redrawn from Richardson and Bierman [1976].}
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where 6,2 and o, are the variances of y, the dependent vari-
able, ang z, the independent variable of the noplinear alge-
braic model, y = g(z). The partial derivative is usually evai-
uated at the mean value of 2.

The more general case includes correlated independent
vatiables (2} and a system of nonlinear equations
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represented by the first-order Taylor series approximation
y=AZ ¢

where A, = {8g,/8z), is evaluated at the mean value of Z

The covariance matrix of the dependent variables (P,) can
he estimated as a function of the independent variabie covari-
ance matrix {£,) from {in matrix notation}

P, = AP, A7 3

The time propagation of covariance, from both initial state
vasiable covariance and independent variable (or parameter)
covariance, for a nonlinear time-dependent model [Y,, =
£(¥ )] can be accomplished in a similar fashion, Given a lin-
earized system of equations describing the transition of the
dependent varables from time & to & + |

Yo = .Y, (4)

where O, represents & first-order approximation of the depen-
dent variables” transition matrix for a nonlinear sysiem [O, =
8g./8y . one may angment those equations with a set of equa-
tions describing the deterministic portion of the uncertain pa-
rameters ()

Bier = A ()
where A,, in this case for constant parameters, is equal to the
identity matrix 1. Combining (4} and (5) and writing them in
matrix notation vields

Xia =™ Xy
where
Y | Sg/8y gég/ﬁfg Nz
x T ] rastaann q‘) = ‘....A.._-.u;..m.‘..u. (6)
L8 6 i1

The upper left guadrant of ¢ represents a linear approxima-
tion of nonlinearities among dependent state variables; the
upper right quadrant represents a jinear approximation of
noulinearities between the state variables and parameters. By
analogy to (2) and (3) it can be seen that the covariance ma-
¢rix of X {P) will propagate discretely in time from kto k + |
as

Py = ¢kpk¢kr

where P, includes covariances of both dependent variables
and umcertain parameters at time k.

Further, this discrete-time variance propagation equation
can be rewritten in continnous matrix form as

P=AP+PA"Y N

1053

by employing the definition of the derivative and performing
the proper limiting operations [Gelb, 1974]. The initial condi-
tions for this matrix differeatial equation are the elements of
P at time zero, which are the variances and covariances of the
vector X {see {6)} at time zero. In this particular application
these represent the variances and covariances of both the
model initial conditions (Y} and uncertain parameters (8). A
more complete discussion of this approach car be found io
Seavia [1980] and formal derivations can be found in Gelb
§1974] and Jazwinski [1970}, In the present apphication, depen-
dent variables Y are those illustrated in Figure 2, and the aug-
mented uncertain parameters £ are those listed in Table I
The functions g{z, -+ 2 -+2,,} are nonlinear, simultaneous, or-
dinary differential equations described in Thomann ef al
{1975} ané Scavia }1980). Partial derivatives of those functions
with respect to state variables and uncertain parameters were
derived analytically. Variance estimates from this fisst-order,
continuous, variance propagation equation, (7), with initial
variances the same as those generated for the Monte Carle
simulations (Table 1), are compared to Monte Carlo estimates
herein.

in a similar study, Gardner et al. {1981] compare error anal-
vsis {Moate Cario simulation) and first-order sensitivity anal-
ysis [Tomovie and Karplus, 19631 They conclude that the two
technigues potentially identify different meajor error sources
because the assumptions of the sensitivity analysis are vio-
lated. The two serious viokations involve ignoring higher order
effects by evaluating sensitivity of only one parameter af a
time and ignoring higher order effects that are manifest
through large parameter errors {Le., the first-order linear-
ization is only strictly valid for small parameter per-
surbations). As described briefly below and more completely
in Gelb [1974), first-order variance propagation includes not
only the simultaneous effects (sensitivity) of all state variables
and parameters on each state variable, but alsc the propaga-
tior of unceriainties in parameters and state variables, There-
fore, unlike sensitivity analysis, our first-order variance propa-
gation comparisons do not ignore higher order effects cansed
by having several uncertain parameters.

We are still constrained to parameter perturbations within
only the linear region about the model trajectories. This re-
gion is difficult to define, Gardner er ol 1981] fourd the valid-
ity of the linear approximation detertorated rapidly when the
coefficient of variations for the paramster of a simple but
highly nonlinear function increased above 30%. They also
demonstrated for a nonlinear stream ecosystem model with
input eryors typically near 50% (range of coefficients of varia-
sion = 10-3000%) that the linear approximation for sensitivity
anafysis is also questionable. Coefficients of variation in our
application {Fabie 1) range between 10 and 40%.

The state variable model and (7} are solved simultaneously.
In all cases a paired 5th-6th Runge-Kutta, variable step size
aigorithm, DVERK |Internationad Mathematical and Statisti-
cal Libraries, Inc., 1977, is used,

RESULTS AND DISCUSSION

The fisst-order variance propagation equation generaies a
time sequence of variability about the model output. In this
context, model output is referred 1o as the deterministic solu-
tion and can be generated independentiy of the propapated
variance. The Monte Carlo analysis genesates a time sequence
of varisbility about the mean of 1600 model simulations.

Field measurements (bay-wide means + | standard devia-




1054 SCAVIA ET AL. VARIANCE EsTIMATION METHODS FOR LAKE BEUFfROPHICATION MODELS

TABLE 1. Input Statistics for Monte Csilo and First-Order Error Analyses of Saginew Bay
Eutrophication Model

Min Max Mode  Mean e 100%a/ X
Parameters '

Phytoplankton growih raie {.301 G.857 {1650 0621 o013 18
Zooplankion balf saturation

coRstant 0.004 G039 G020 6ol 052 x 10 34
Zooplankton filter rate 0.011 0104 0.080 4,072 038 x 193 i
Zooplankton respiration rate (.04 0012 {008 GO08  032x 10 22
C: Chiorophyll ratio 25.06 49.40 30.6 314 28.26 16
Phytoplankton half saturation

constant 0.003 0.007 6003 0.065 .77 x 10 i8
P: Chiorophyll ratic G.403 1.47 0.601 0714 0.56 x 310 33

Initial Conditions L

Phytoplankton {mg Chi 1™ 0004 009 0009 0010 089X 36
Herbivores {(mg C 1) 0.003 0.012 0.008 6008 032X 197 M
Organic N (mg N 171} 0079 0198 0140 0140 Q59x 107 17
Ammonia (mg N 1-7) 0.006 0056 003 0031 0I06x 107 33
Nitrate (mg N 17" 0.225 1.963 2.752 0.867 G.i3 42
Organic P {mg P 175 0.001 0039 0020 0020 061X 39
Available P{mg P 1-1) 29.002 2.620 0.008 4009 013x 197 39 g
Canivotes {mg C171) 0013 0.045 0032 .03z 047 x 167 3

tion}, deterministic selutions, stochastic {Monte Carlo) means, Phytopianiton (mg-Chia/l)

and stochastic medians are illustrated in Figure 3 for four im-
portagt state variables. The deterministic solution tracks the
Momte Carle medians more closely than the mean, This is
similar o resuits obtained by Burges and Lettenmaier {1975}
for & simphified Streeter-Phelphs equation for DO and BOD.
In their simulations the deferministic model diverged from the
Monte Carlo mean and tracked the median as the stochastic
model output became skewed. Output distributions in the Merbivores (mg-C/L)
present work were almost always skewed (see below).

The stochastic means are better estimates of both the mag-
nittde a2nd dynamics of the measurements than are the de-

0075

terministic sofutions or the medians. Tiwari and Hobbie [1976} 028 I

and Tiwari et al [1978] found that for nonlinear ecological -

models the range of Monte Carlo model solutions agreed well N A N £ i 4,
with the range of measurements and also that deterministic )

solutions represented only & typical measurement trajectory. Nitrate {mg-N/L)

In general, a deterministic model solution and medians track
a typical species of phytoplankton or zooplanktor and s ef-
fects on nuirients, whereas the Monte Carlo mean trajectory
represents a composite average of many different species (i.e.,
Monte Carlo simulations use different parameter values and
initial conditions, each representing theoretically different

- ~
species). Typical species are not always representative of the 08
total assemblage, especially in regard to their effects on the ~ -
rest of the ecosystem, Field measurements represent a tme- 00 | i Py il ¥ A
stice of the composite assemblage of populations and their ef- )
fects. Because the mean tracks the total quantity, one should, 050m Available Phosphorus (mg-P/L}

in general, expect the Monte Carlo measn to better represent

the measarements.
Variance estimates from the two approaches are gualita-

tively similar. In most cases they represent similar spread 0.25
about the state variable estimnates (Figure 4), There are, how-
ever, significant differences between the two estimates for
some variables at certain times, Variance estimates from the 0.}
100 150 200 250 aoo

two methods also diverged for 2 DO-BOD mode] analysis

[Burges and Lettenmaier, 1975] as travel time downstream in- . Jukian Day
ote Fig. 3. Plots of deterministic :padei solations {(solid curve), Monte
ased, Carlo means {(broken curve), medians (closed triangles), and bay-wide

T}%ﬁ‘di‘ﬁ‘efenm can bc attribute{_:l to %‘0“3' causes: (1) de-  mean 1 standard deviation messurements (open circles with error
terministic and stochastic mean irajectories are different, (2)  bars) versus time for four model state variables.
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and Monte Carlo mear ] standard deviation (right panel) versus time for four state variables. Data (open circles} are

bay-wide means.

first-order error propagation employs a first-order linear-
ization of the model, whereas Monie Carlo analysis uses the
fully noniinear model, (3) ambignous statistics were generated
from skewed Monte Carlo populations, and (4) there is a fun-
damental difference in the interpretation of variances from
the two approaches,

Variance estimates are biased by the mean value because
variance is 2 dimensional quantity. To reduce the effect of dif-
fering mean irajectories (Figure 3), coefficients of variation,
representing percent deviation (1000/X) from the mean,
were calculated (Figure 5). Portraying variability in this way
Hlustrates that these estimates of variance, even when scaled
by the mean, can differ considerably, and thus the effect of
differing mean trajectories alone is most likely not a major ef-
fect here.

Monte Carlo analysis involves repeated solution of the ron-
tinear model. Derivation of the first-order error propagation
equations involves replacing the nonlinear model with its
Brst-order Taylor series approximation [Gelb, 1974}, and thos
discrepancies between the two estimates could be caused by
an inadequacy of this linear approximation. In order to exam-
ine this, comparisons were made among Monte Carlo, first-or-
der, and second-order variance estimates, Because the second-

order propagation equation [Athans ef al., 1968] involves sec-
ond partial derivative matrices, which are somewhat cumber-
some to handle, a smaller sysiem mode] that includes most of
the salient nonlinear features of the eutrophication model was
used for comparison. This smaller system approximates an
anforeed phytoplankton-zooplankton-nutrient system in a
completely mixed volume with sncertain initial conditions,
half saturation constant refating phytoplankion growth to nu-
trient concentration, and zooplankton excretion rate {Scavia,
19801, About 5 consecutive years were simulated. While, in
general, second-order propagation estimates were closer to
Monte Carle estimates than were first-order estimates, the
agreernent was not improved significantly. While including
one higher order term in the Taylor series expansion does not
guaraniee a more accurate approximation, the fact that, in
this case, second-order estimates were not far from first-order
estimates suggests that the differences between Monte Carlo
and frst-order propagation variance estimates in the larger
eutrophication mode! may not be due to any great extent to
inadequacy of the first-order linearization.

The third potential cause of discrepancy between estimates

of vaniance from the two methods is related to generation of -

ambiguous Monte Carlo statistics for seriously skewed popu-
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1

iations. When populations are strongly skewed, as is often the
case here, variance calcnlated in the usual way can be an am-
biguous measure of true varinbility. This is especially true for
models that produce results indicating the possibility of bifur-
cation. Distribution of certain varigbles from Monte Carlo
analysis of this model appear strongly bimodal at times (Fig-
ure §). Under ceniain conditions during the Monte Carlo sim.
ulation, state varables sccumulate for a given {ime shice at ei-
ther high or low values with relatively few intermediate
values. Under these conditions, variance estimates are not
very usefnl,

Variance estimates from the two methods also diverged for

a DO-BOD model as Monte Carlo output became skewed
[Burges and Lettenmaier, 19751, A better measure of spread in
these cases is the interquartile range [Sokal and Rohlf, 1969]
or, graphically, plotting the first (Q\), second (median), and
third {(,) quartiles of the population. By definition, the inter-
val between ¢, and ; includes 50% of the population. This
use of quartiles better represents the spread in the central por-
tion of the skewed distributions, but it ignores the distribution
tails, Plotted on Figure 7 are x| standard deviation region
about the deterministic solution from the frst-order analysis,
Q. @5, the Monte Cario median, and the 21 standard devia-
tion region about the Monte Carle mean. In most cases the
first and third guartiles coincide generally with the two-stan.
dard deviation region about the Monte Carlo mean, iHustrat-
ing that errors due to biased variance calenlations for skewed
population distributions are probably not serious in this case.

The fourth proposal for explaining the differences in vari-
ance estimates is related to a fundamental difference in the
two approaches. In deriving the first-order error propagation
equation, the mean squared deviation from the state variable
true value is examined. If follows directly from use of the first-
order Taylor series approximation for the nonlinear model
[Gelb, 1974, section 6.1 that, in this case, “trae values’ are the
deterministic mode] solutions. Since, as discussed previousty,
the deterministic model attempts to track entire biological as-
semblages with a typical represeniative, variance estimates
from the first-order analysis represent variability around that
representative or the uncerfainty associated with representing
dyramics of the compositc assemblage with dypamics of a
typical component of the assemblage. Variance estimates
from Monte Carlo analyses measure the spread of the total
population about the mean trajectory. The mean trajectory es-
timates the dynamics of the total population; thus Monte
Carlo variance estimates represent the variability or spread of
tndividual components in the assemblage around the mean
component {representing the total), rather than around the
typicai component, as in the first-order case. Thus variances,
as calculated by the two techniques, are not necessarily the
same estimators, They estimate the same property only when
the deterministic solution is a good representative of the total
population or, in this case, when it closely resembles the
Moznte Carlo mean trajectory. This is demonstrated in the lat-
ter half of the annual simulations reported herein (Figores 3
and 7) and in the shorter travel tirmes in the work by Burges
and Lettermaier [1975), where state variable and variance esti-
mates agree more closely.

CONCLUSIONS

The above analysis reveals that variance estimates from
first-order error propagation and Monte Carlo analysis are
generally similar but have some significant differences (Figure
4). Our analysis suggests that these differences could not be re-
solved completely by (1) differences in estimates of the state
variables (Figure 5), {2) erross in the frst-order approxima-
tions, or (3) errors due to biased variance calculations for the
skewed Monte Carlo output dissributions (Figure 7). Further-
more, we suggest that the discrepancy is most likely caused by
a fundamental difference in the interpretation of first-order
and Monte Carlo variances.

Selection of one approach over the other depends on the
type of model solution and associated variability required, I
one is concerned with simuiating the interactions of a hetero-
geneous population of organisms and their surrounding envi-

e
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tation, Day 50 distributions are initial distributions, 1000 cases were used.

ronment, simulation of a single ‘typical’ component of that
population is likely to be inadequate because the entire popt-
tation is generally not wel represented by that typical com-
ponent alone. Simulation of typical components has, however,
graditionally been the most common application. A Monte
Carlo approach to the problem, using repeated simulations of
the same deterministic model with different initial conditions
and parameters, will provide better estimates of the total pop-
glation and estimates of variance consistent with the above
concern, In lieu of the full Monte Carlo approach, simultane.
ous simulation of several representative components of the to-
tal population would also provide a better estimate of the to-
tal, provided each component could be represented
adequately by a typical representative. Under this condition,
the first-order analysis could then be used for variance esti-
mates.

Monte Carlo analysis may not be practical for long-term
projections with detailed eutrophication models, However, f a
deterministic model is to be used for projections, the error as-

socinted with those proiections should be estimated, and the
first-order error propagation procedure is an appropriate tech-
nigue. Variance estimates from that procedure represent vari-
ability around the typical respresentative and thus can be used
to assign confidence Hmits in the projection. Although these
estimates of variance will differ from those of a more fully sto-
chastic approack {ie., Monte Carlo} for reasons discnssed
zbove, the differences, in this application, are not great, and
the estimates provide general guides as 1o prediction con-
fidence.

To explore the relative impacts of various error sources on
model cutput variance, ore often repeats the error analysis
under differing tuput error scenarios. This procedure amplifies
the reguired number of Monte Carlo simulations for even
single-year studies. For this type of analysis the frst-order
propagation equation has to be solved only once for each sce-
nario. It also provides direct estimates of the sensitivity of
mode] output variance io particmlar uncertain inputs [see
Scavia et al., 1981].

|
!
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Fig. 7. Plots of deterministic model %] standard deviation band
from first-order analysis {open region}, Monte Carle mediap and first
and third guartiles {open circles with error bars), and Monte Carle
mean i stendard deviation band (shaded region) versus time for
four state variables.

In conclusion, the Monte Carlo analysis has the advantages
of estimating variability about the population mean {(usually
the guantity of interest) and of providing output frequency
distributions, It has the disadvantage of oflen carrying a high
computational burder for both long-term predictions and ex-
amination of relative error sources in relatively complex mod-
els. The first-order variance propagation analysis can also pro-
vide errof estimates and direct estimates of model sensitivity,
however, it must be recognized that those estimates refiect
variability about typical components of the modeled popu-
fation and that those components do not necessarily represent
the dynamics of the total population or its mean.
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